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1 Basic Probability and Measure Theory Inequalities

Given events (sets) A, B, and countable {4, }5°

n=1
e Prob[4] >0
e Prob[4] <1
e If A C B, then Prob[A] < Prob|[B]
e If A C B, then Prob[B]| < Prob[A°]

e (Boole) Prob[Uy2 A,] < > >°  Prob[A4,] 5[ p.11

e Prob[UX ,A,] > sup{Prob[A,]n=1,2,...}

e Prob[n> ,4,] < inf{Prob[4,]n=1,2,...}

e Prob[A N B] < min{Prob[4], Prob[B]|}

¢ (Bonferroni) Prob[A N B] > Prob[A] + Prob[B] — 15| p.11

¢ (Bonferroni General) Prob[N! ;] > > "  Prob[A4;] — (n— 1) [5|p.13

e Prob[A|B] > Prob[AN B

e (Karlin Ost) Define Py = 37" | Prob[4;], P> = }° ., ;. Prob[4; N Aj], P3 = 37, <, Prob[4; N
A; N Agl,....,P, =ProbjA;N---NA,]. Then fori=1,...,n,

PI—P2+P3—--~:|:B_1ZPI‘Ob[U?ZlAi] ZPI_P2+P3_"':FPi-E]p'45

2 Means

Define the pth power mean of a finite set of positive numbers S to be

PM(S,p) = (/Z |5\ (1)
sES

Notice that the arithmetic mean and harmonic mean of the set S are simply Ay (S) = PM(S,1) and Hp(S) =
PM(S,—1), respectively. Less clear is that the geometric mean Gp(S) = {/[[,cgs = limy0 PM(S,p), the
maximum max(S) = lim,_,o PM(S, p), and the minimum min(S) = lim, , _~, PM (S, p). So, we have

o PM(S,po) < PM(S,p1) for po < p1 [p] p.204
o Hu(S) < Gai(S) < An(S) [ p-204



3 Expectations and Variances

Let X and Y be random variables. If an inequality includes a function f of a random variable X, assume that the
expectation Ef(X) exists.

If g(X) < h(X), then Eg(X) < Eh(X). [p p.57

If a < g(X) <b, then a <Eg(X) <b. p.57

(H6lder) If p, q satisty 1 + 1 =1, then [EXY| < E[XY]| < (E|X|")7 (E[Y]?) p.187
(Jensen) For a convex function g, If X > Y, then Eg(X) > g(EX). [5|p.190
(Cauchy-Schwartz) |[EXY| < E|XY]| < /(E|X[?)(E]Y]?) p.187

Var(X) >0

Cov?(X,Y) < Var(X)Var(Y) [5| p.188

(Holder Special Case) For p > 1, E|X| < (/Wp.l%

(Liapounov) For s > r > 1, {/E|X|" < {/E| X5 p.188

(Minkowski) For p > 1, ¢/E[X + Y|P < ¢/E[X|? + ¢/E[Y P[] p. 188

(Triangle) As a special case of Minkowski’s inequality, E|X + Y| < E|X |+ E|Y|. [5| p.203
If ¢ is nondecreasing and h is nonincreasing, then E(g(X)h(X)) < (Eg(X))(Eh(X)). |5| p.192
If g and h are both nondecreasing or both nonincreasing, then E(g(X)h(X)) > (Eg(X))(Eh(X)). |5 p.192

(Cramer-Rao) Suppose Xi,..., Xy is a sample with joint pdf f(x|f) and W (X) is any estimator of § such
that LE W (X) = fx 55 W (x)]f(x]0)dx and Varg(W (X)) < oo. Then

(HEW (X))
By [(5 log(£(x19)))”]

Varg(W (X)) > . Bl p.335

(Cramér-Rao IID) Suppose X1, ..., X, is asample iid with marginal pdf f(z|f) and W (X) is any estimator
of 6 such that -LE,W (X) = fx (%[W(X)]f(xm)dx and Varg(W (X)) < oco. Then

(j‘ZIEoW(X))2
Varg(W (X)) > .
’ nky [(glog )2]

p.337

(Rao-Blackwell) Let U be an unbiased estimator of 7(#), and let T" be a sufficient statistic for §. Define
o(T) =EU|T). Then E¢(T) = 7(6), and

Vargp(T') < VargW for all 6. 5] p.342

(Han) Let X1,..., X, be independent discrete random variables. Let H(Xx,,..., X, ) be the joint entropy
of a subset of the {X;}. Then

n
H(Xy,...,Xn) <Y H(Xy,..., Xio1, Xiqa, ..., Xp). @ p.230
i=1

Let Xi,...,X, be independent random variables. Let g : Domain(Xi,...,X,) — R be Lesbegue measur-
able, and Z = g(Xy,...,X,). Then

Var(Z <Z]E (Z —B(Z|X1,. ., Xie1, Xiz1,- -, Xn)?] @ p.219
=1



(Efron-Stein) Let Xi,..., X, be independent random variables. Let g : Domain(Xy,...,X,) — R be
Lesbegue measurable, and Z = ¢g(Xy,...,X,). Let Y7,...,Y,, be an independent copy of Xi,...,X,, and
let Z; = g(X1,...,Y:, ..., Xy). Then

Var(Z <ZEZ Z:)?). @ p.220

(Logarithmic Sobolev) Let Xi,..., X, be independent random variables. Let

gi : Domain(Xq, ..., X;-1, Xit1, ..., Xn) = R be Lesbegue measurable, Z; = ¢;(X1, ..., X;-1, Xit1,-- -, Xn),
g : Domain(X1,...,X,) — R be Lesbegue measurable, and Z = g(X1,..., X,,). Let ¢(t) = et —t —1 and
s > 0. Then

sE(Ze%?) — E(e’?)1log[E(e%?)] < Z Ele*?y(—s(Z — Z;))]. B p.233
i=1

(Symmetrized Logarithmic Sobolev) Let Xi,...,X,, be independent random variables. Let
g : Domain(Xy,...,X,) — R be Lesbegue measurable, and Z = ¢(Xi,...,X,). Let Y1,...,Y, be an
independent copy of X1,...,X,, and let Z; = g(X1,...,Y;,..., X,,). Let ¢(t) =e' —t —1 and s > 0. Then

SE(Ze%) ~ B(e?) logE())]] < Y Blev(~s(Z — Z0))- M p-234

Suppose {X,,} is a sequence of random variables such that for all n, X,, > 0, and for all € > 0, there exist
c1 > 0 and ¢z > e~ ! such that Prob[X,, > ¢] < c1e~2"  Then

1+1
EX, < &(Cl)_ o]
ncy
(Kannan Strong Negative Correlation) Suppose m is an even positive integer, and X, ..., X,, are real-

valued random observations satisfying the strong negative correlation principle. That is, for all i, EX;(X; +
1-2
-+ X;_1)" <0 when [ < m is odd and E(Xf|X1 +- 4+ X)) < (%) 2 |l for | < m even. Then

<ZX> (24mn)= . [[3p.2

(Kannan Hamiltonian Tour) Suppose Y1,...,Y, are sets of points generated independently and respec-
tively from n subsquares of size \F \F of the umt square, and there exists a constant ¢ € (0,1) such that

Prob||Y;|] < c for all i. Suppose further that for e > 0, and I € {1,..., 2}, E|Y;|' < [O(1)]®~9!. Finally,
suppose f(Y1,...,Y,) is the length of the shortest Hamiltonian tour through Y; U---UY,,. Then

E[f(Y1,...,Yn) —Ef(Yi...,Y)]™ < (cm)% . [[3 p.4

(Kannan MST) Suppose Yi,...,Y, are sets of points generated independently and respectively from n
subsquares of size ﬁ X ﬁ of the unit square, and there exists a constant ¢ € (0, 1) such that Prob]|Y;|] < ¢

for all 4. Suppose further that for ¢ > 0, and [ € {1,...,%}, E|Y;|" < [O(1)]? 9L  Finally, suppose
f(Y1,...,Y},) is the length of a minimum spanning tree of Y3 U---UY,. Then

E[f(Y1,...,Yn) —Ef(Yi...,Y,)]™ < (cm) . [[3 p.5



(Kannan Random Vector) Suppose Y = (Y1,...,Y,) is a random vector such that for a fixed & < n,
E(Y2|YZ,...,Y?) is a nondecreasing function of Y2 + -+ + Y2, for i = 1,...,k and for even | < k, there

13
exists a ¢ > 0 such that E(Y}|Y?,..., V%) < (ff) Then for any even m < k,
k m
Vemk
E (} Y7 —Eyf) < ( il ) [[3p.5
n
i=1

(Ledoux-Talagrand Contraction) Suppose X, ..., X,, are iid Rademacher variables (Prob[X; = 1] =
Prob[X; = —1] = ). Suppose f : R" — RT be convex and increasing, and ¢; : R — R be Lipschitz with

constant L for ¢ = 1,...,n. Then for T'C R",
t ) <Ef (Lsup ) Op.9
teT

— sup
<2 teT

(Bhatia-Davis) If a univariate probability distribution F' has minimum m, maximum M, and mean p, then
for any X following F', Var(X) < (M — u)(u —m). [2| p.353-357

> Xt

=1

(Popoviciu) If a univariate probability distribution F' has minimum m and maximum M, then for any X
following F, Var(X) < L(M —m)?. 23 p.313-318

(Chapman-Robbins) Suppose X is a random variable in R¥ with an unknown parameter . If §(X) is an
unbiased estimator for 7(6), then

r0+4) - 7(9)]22. 6] p.581-586

Var(§(X)) > sup
X.0+A
A EG [p(p(X,G) ) _ 1

(Entropy Power) Define the entropy of X to be h(X) = —Elog fx(X), where fx(x) is the pdf or pmf of
X. Define the entropypower of X to be N(X) = ﬁe%h(x). Then for random variables X and Y, we have
N(X +Y) > N(X) + N(Y). § p.1501-1518

(Marcinkiewicz Zygmund) Let X;,..., X, be independent random variables with common support such
that EX; = 0 and EX? < oo for all p > 1. Then there exist constants A(p) and B(p), dependent only on p,

such that ,
n 2 n
E <Z |XZ~\2> <E (Z XZ-|> < B(p (Z | X \2> . [T5] p.233-259
=1 =1

(Khintchine) Let X1, ..., X,, be iid Rademacher random variables. Then for any A,..., A, € C and p > 0,
there exist constants A(p) and B(p), dependent only on p, such that

Al(p) (ZHZIAA?)Q < (IE (zn]AiXA) ) < B(p) (znmm)z.
=1 i=1 i=1

(Rosenthal I) Let Xi,..., X, be independent nonnegative random variables such that EX” < oo for a
fixed p>1,7=1,...,n. Then there exist constants A(p) and B(p) dependent only on p such that

p) max {zn:EXf, <z”: EXi) } < (i IEXZ) < B(p) max {ZEXZP, (i EXZ) } .19 p.273-303
=1 =1 =1 =1

(Rosenthal IT) Let X1,..., X, be independent random variables such that EX; = 0 and EX? < oo for a
fixed p>1,7i=1,...,n. Then there exist constants A(p) and B(p) dependent only on p such that

p)max{ > E|X;/, (Z EXE) < B(p) max ZE|X! (Z EXE) .[19] p.273-303
=1 =1 =1




(Papadatos) Let X, (1)s - -+ X(n) be the order statistics of iid random variables X, ..., X, with variance o2.

Define G(z) = I;(k,n + 1 — k) and 02 (k) = SuPgcpeq [M} Then

z(1—2x)
Var(X(y)) < o2 (k)o?. [ p.5

e (Hiirlimann Upper n-r) Let X(y),..., X(;,) be the order statistics of iid random variables Xi,..., X,.
Define X = 1 3™ | X;, and the biased observed variance S*> = 3" | (X; — X)2. Then for r =0,...,n—1,
the average of the upper n-r order statistics satisfies

1 i — r
N < X+S5,/——.[1[2p4
_ i) \/n—
rA n—r

e (Hiirlimann Average Excess) Let X (1)s - - - » X (n) De the order statistics of iid random variables X, ..., Xy.
Define X = 1 3™ | X;, and the biased observed variance S*> = 3" | (X; — X)2. Then for r =0,...,n—1,
the average excess of the upper n — r order statistics conditioned on the rth order statistic satisfies

n

n
S (X — Xy) < S [ p.7

i=r+1 r(n—r)

1

¢ (Hiirlimann Stop-Loss Excess) Let X(y), ..., X(;) be the order statistics of iid random variables X, ..., Xp.
Define X = 23" | X;, and the biased observed variance S* = 13" | (X; — X)?. Define the rth stop-loss
statistics to be SL(d,) = 31" (X) — (n —r)d,) for d, € [X(), X(;41)]. Then for r =0,. -1,

SL(dy) < (n—r) [X d+5m M2 p.4

4 Concentration Inequalities

Let X be a random variable.

e (Chebychev General) For r > 0, g a nonnegative function, Prob[g(X) > r]

(Chebychev) For ¢t > 0, Prob[| X — EX| > {] Var I 122

+2
(Normal I, Mill) For Z a standard normal, Prob[|Z]| > t] < \/% ey p 122 {24 p.65

(Normal IT) For Z a standard normal, Prob|[|Z]| > t] > \/%e_tQ/Q 14:752‘ p.135

(Chernoff I) Let Mx(t),—h < t < h be the moment-generating function of X. Then Prob[X > a] <
e~ " Mx(t), —h <t < h. [§| p.134[16] p.65

(Chernoff II) Let Mx(t),—h < t < h be the moment-generating function of X. Then Prob[X < q] <
e~ Mx(t), —h <t < 0. [5] p.134[16] p.65

(Chernoff Sum I) Let X7,..., X, beiid, X =Y | X;, and Mx(t),—h <t < h be the moment-generating
function of Xj. . Then Prob[S > a] < e % [Mx(t)]" for 0 <t < h. [5| p.262

(Chernoff Sum IT) Let X7, ..., X, beiid, X =>"" | X;, and Mx(t),—h < ¢ < h be the moment-generating
function of Xj. Then Prob[S < a] < e % [Mx (t)]" for —h <t < 0. [5| p.262

(Chernoff Mean) Let Xi,...,X, beiid, ¢ > 0, X,, = Yo Xi, My(t), —hy <t < hy be the moment-
generating function of U = X; —EX; — ¢, and My (t), —hy <t < hy be the moment-generating function of
V = —X1 4+ EX; — €. Then there exist for some 0 < ty < hy and —hy <ty <0 E] such that

Prob[|X,, — EXi| > €] < 2¢", where ¢ = max{ My (ty), My (ty)} € (0,1). ] p.262

'Such a tyy and ty exist since EU < 0 and EV < 0, guaranteeing that My and My are decreasing in a neighborhood of zero.



(Chernoff Poisson Trials I) Let X; be n independent Poisson trialsﬂ Let X =3 | X;. Then for § > 0,

66 EX
Prob[X > (14 0)EX] < <(1+5)1+6> .[16] p.64

(Chernoff Poisson Trials ITI) Let X; be n independent Poisson trials. Let X = >, X;. Then for
0<o<1, ,
Prob[X > (14 0)EX] < e~ BX)%/3 15 p.64

(Chernoff Poisson Trials IIT) Let X; be n independent Poisson trials. Let X = >~ , X;. Then for
R>gEX,
Prob[X > R] < 27 . [I6] p.64

(Chernoff Poisson Trials IV) Let X; be n independent Poisson trials. Let X = > ; X;. Then for

0<d<1,
-5

e EX
Prob[X < (1 -0)EX] < <(1_5)1—6> . [I6] p.65

(Chernoff Poisson Trials V) Let X; be n independent Poisson trials. Let X = ) ", X;. Then for
0<d<1, ,
Prob[X < (1 — 0)EX] < e~ EX/2 [T6] p.65

e (Chernoff Rademacher I) Suppose Xi,..., X, be iid such that Prob[X; = 1] = Prob[X; = —1] = 1. If
g2
X =3",X;and a > 0, then Prob[X > a] < e . |16/p.69
e (Chernoff Rademacher II) Suppose Xi,..., X, be iid such that Prob[X; = 1] = Prob[X; = —1] = . If

a2
X =3",X;and a > 0, then Prob[|X| > a] < 2e72n . p.70
(Chernoff Bernoulli I) Suppose X1,..., X, beiid Bernoulli(%). If X =3",X;and 0 <a < %, then
Prob[X<——a] <2 n- .p71
(Chernoff Bernoulli IT) Suppose Xj,..., X, be iid Bernoulli(%). If X =5%",X;and 0 < ¢ <1, then
o2
Prob [X < 3(1-4)] < 275 p.71
(Chernoff Bernoulli III) Suppose X1,..., X, be iid Bernoulli(%). If X =5%",X;and a > 0, then
Prob [Xz %+a] <2 n- p70
Chernoff Bernoulli IV Suppose X1,..., X, be iid Bernoulli(). If X = 37 . X; and § > 0, then
2 i=1
Prob [X < &(1+8)] <275 [1gp.70
(Markov) If X > 0 and Prob[X = 0] < 1, then for r > 0, Prob[X >r] < £X, p.136

(Gauss) Suppose X follows a unimodal distribution with mode v, and define 72 = E(X — v)2. Then

dr2 6>\[
Prob[|X —v| > ¢ < { %7

I—TL, e<f 7[5 p.137

(Vysochanskii-Petunin) Suppose X follows a unimodal distribution, and define £€2 = E(X — «)? for
arbitrary «. Then

42 € > §§
Prob[|X —a| > ¢ < Z; -

oz — 3, €< /53¢Mp.137

2Each X; is a Bernoulli(p;).



(Hoeffding I) Let Yy,...,Y, be independent observations such that EY; = 0 and a; < Y; < b; for all ¢. If
€ >0 and ¢t > 0, then

n

S

=1

n

< eftﬁ H etz(bifai)Q/S @ p64

=1

Prob

(Hoeffding IT) Let Xi,...,X,, be independent Bernoulli(p). If € > 0, then

n
ZXifnp

=1

Prob

> e] < 2¢~2n€ [24] p.65

(Saw) Suppose X7, ..., X, are iid with finite first and second order moments. Let X = % >om X and 52 =

n Y n n+1)(n+1—v n(n+1)k?
nihl S (X —X)2 Let k > 0, v(t) = max {m € Njm < %1}, at) = —I(Jr—li/_(t))((nilfu((?)))’ and § = 771—1(4-2:13-1)’62.
Then

Prob[|X — X| > kS] < {71.}1@(5) —1) ifvis (.)dd and 8 > «o(p)
(B) otherwise. [5] p.268

nt1Y
e (Talagrand) Let X be chosen randomly uniformly from {—1,1}", let A be a convex subset of R", A, =
{p € R"|dist(p, A) < t}. Then there exists ¢ > 0 such that Prob[X € AJProb[X ¢ A;] < e~ for all ¢ > 0.
221

e (Talagrand Large Deviation) Let X be chosen randomly uniformly from {—1,1}", V be a d-dimensional
subspace of R”. Then there exist constants ¢, C' > 0 such that Prob[|dist(X,V) — vn —d| > t] < Ce<"’
for all t > 0.

¢ (Gaussian for Lipschitz) Let X be an n-dimensional random vector such that each X; is an independent
n(0,1) variable. If f : R? — R is a Lipschitz function with scale constant then there exists a constant
¢ > 0 such that Prob[|f(X) — Ef(X)| > t] < e~ for all t > 0.

e (Azuma) Suppose Xy, ..., X, is a martingale (E(X;|X1,...,X;—1) = X;—1 fori = 1,...,n); suppose further
that X is c-Lipschitz (|X; — X;—1| < ¢ fori=1,...,n, c € R" positive); then

—\2

Prob[X, — Xy > )| < 2?17 [ p. 37-38

e (Bennett) Let X,..., X, be independent random variables of zero mean such that Prob[X; < 1] = 1. Let
h(u) = (14 u)log(l +u) — u for u >0 and 02 = 1 3" | Var(X;). Then for t > 0,

Prob

n 2 t
d X > t] <e " n(we). A p.218

=1

e (Bernstein) Let Xi,...,X,, be independent random variables of zero mean such that Prob[X; < 1] = 1.
Let 02 = 1 3" | Var(X;). Then for € > 0,

1 n —ne?
Prob |~ > X, > e] < e +e/3) [l p.219
i
e (McDiarmid Bounded Differences I) Let Xi,..., X, be independent random variables each whose
domain is y. If f: x™ — R" is a function such that for all x € x", y € x, and i € {1,...,n}, there exists a

constant ¢; > 0 such that |f(x) — f(x1,...,%i-1,Y, Tit1,...,Tn)| < ¢, then

+2

Prob[f(X) —Ef(X) > t] > eXi=1 for all ¢ > 0.

3A Lipschitz function f satisfies |f(z) — f(y)| < M||z — y|| for all z,y € domain(f).



(McDiarmid Bounded Differences II) Let Xi,..., X, be independent random variables each whose
domain is x. If f: x™ — R" is a function such that for all x € x", y € x, and i € {1,...,n}, there exists a
constant ¢; > 0 such that |f(x) — f(x1,...,Zi-1,Y, Tit1,. .., Zn)| < ¢, then

—i2

Prob[f(X) — Ef(X) < —t] > eXi=1% for all t > 0.

(Kannan Chromatic Number) Let G({1,...,n}, P) be a random graph with edge probabilities P = (p;;).
The chromatic number x = x(G) is the least number of colors necessary to color G such that no two vertices

sharing an edge receive the same color. Let p = % Then there exists a constant ¢ > 0 such that for
2

t € (0,n/p),

7ct2

Probl|x(G) — Ex(G)] > t] < ewvr e [ p.5

(Johnson-Lindenstrauss Random Projection) Suppose k& < n, and we pick Vi,..., V; uniformly ran-
domly from the surface of the unit ball in R™. Then for ¢ € (0,1), there exist constants cj,ca > 0 such

that
k

k
Z"’?—;

=1

Prob

k
> 6] < cpe ek 3 p.5
n

(Kannan Random Projection) Suppose m is an even positive integer and X, ..., X,, are real-valued
random observations satisfying the strong negative correlation principle. That is, for all i, EX;(X; + -+ +
X; 1)! < 0 when [ < m is odd and E(Xf[Xl +-- 4+ X;0) < (%)172 ! for | < m even. Define constants
{M;,;}, {K;,;}, and {L;;} such that E(Xf\Xl + -+ X;_1) < M, each K;; is an indicator variable on the
typical case of the conditional expectation where Prob[K;;] = 1—4;;, and E(X! X1+ + X1, K;;) < L
foril=2,4,...,mandi=1,...,n. Finally, let X =>"" | X;. Then

1
l

m/2  q_1 n B m/2
B < ot (S (Sma) | eSS (s ) e
i=1

I=1
(Kannan Bin Packing) Suppose Yl, ..., Y, are iid from a discrete distribution of r atoms each with
probability at least - and EY] < 5y logn Let f(Y1,...,Y,) be the minimum number of unit capacity bins

necessary to pack the Yl, ..., Y, items. Then there exist constants c1, co > 0 such that if ¢ € (0, n[(EY;)3 +
Var(Y;)]), then

762t2

Probl|f — Ef| > ¢ + 1] < ¢je M@0 vt [[3p.§
(Dvoretzky Kiefer Wolfowitz I) Suppose X7,..., X, are iid univariate random variables following cdf

F. Let F,(x) = % > 1x,<s be the empirical distribution. Then for € > \/% log 2,

Prob [sup( n(x) — F(x)) > e] < e e [10] p.642-669
z€eR

(Dvoretzky Kiefer Wolfowitz IT) Suppose X, ..., X, are iid univariate random variables following cdf
F. Let F,(x) = % > 1 1x,<z be the empirical distribution. Then for € > 0,

Prob [sup |Fo(z) — F(x)| > e] < 2e72¢ [10] p.642-669
zeR

(Etemadi Differing Means) Let Xi,...,X, be random variables with common support. Let Sy =
Z?Zl X, be the kth partial sum. Then for € > 0,

Prob [max |Sk| > 3€:| <3 max Prob [|Sk| > €] . [I1 p.215-221



N =

S O W

=

(Etemadi Shared Means) Let Xj,..., X, be random variables with common support and equal means.
Let S = Zle X} be the kth partial sum. Then for € > 0,

27
> < — . . —
Prob Lrﬁnlgﬁxn‘sk‘ > e} <3 Var(Sy,). [[1] p.215-221

(Kolmogorov) Let Xi,..., X, be independent random variables with common support such that EX; = 0
and Var(X;) < oo fori=1,...,n. Let Sk = Zle X, be the kth partial sum. Then for € > 0,

Prob [ max. |Sk| > e] < ZVar ). Bl Theorem 22.4

(Chebychev Multidimensional) Let X € R™ be a random vector with covariance matrix
V =E[(X - EX)(X — EX)"]. Then for ¢ > 0,

Prob W(X—EX)TV (X - EX)} o7

n
2

(Leguerre Samuelson) Let Xi,...,X, be random variables with common support, and define X =
LS Xjand $2= L5 (X, — X) Then for ¢ = 1,...,n with probability one,

X -SvVn—-1<X; <X+ Svn— 1.1 p.1522-1525

(LeCam) Suppose X1, ..., X, are independent binomial random variables with respective success parame-
ters p1,...,pn. Letting A, = > " | pi, we have

i Prob ZX —k —y <22p1 [ p.1181 1197
- !

(Doob Martingale) Let X € R" be a martingale (E(X;|X1,...,X;—1) = X;—1 for i = 2,...,n). Then for
C>0,p>1,

Prob [ sup X; > C .18 (Theorem I1.1.7)

1<i<n

] EXH
<
S o
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